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Abstract— This paper proposes a mathematical model for
computer prediction of the process of iron removal of groundwater
in a bioreactor, taking into account the presence of two species of
iron bacteria Leptothrix and Gallionella in groundwater while
maintaining a constant filtration rate. An algorithm for a
numerical-analytical method for solving the corresponding
nonlinear boundary value problem for an inhomogeneous system
of differential equations in partial derivatives of the first order has
been developed. The developed model allows using computer
experiments to predict the change in time on the depth of contact
loading of cleaning efficiency, distribution of bacterial biomass
values in both filtered water and in filter loading, mass of
stationary and mobile matrix structures. Also, the proposed model
allows to predict the duration of effective operation of the
biological reactor of iron removal between its washing.
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I. INTRODUCTION

In the preparation of water there are three groups of removal
of iron compounds from it: reagent-free, reagent and biological
[1]. Analysis of theoretical research and experimental data of
domestic and foreign scientists and engineers indicates
significant advantages of the biological method over traditional
physico-chemical methods of groundwater iron removal in the
treatment of weakly acidic and near-neutral waters with low and
medium alkaline reserve [2, 3]. In particular, in the biological
method, the rate of oxidation of iron compounds both in mineral
form and in the form of organic complexes is accelerated several
times [2, 4]. An urgent task today is the transfer of existing
stations of simplified aeration - filtration, to work by the method

of biochemical oxidation [2]. Indeed, the reagent-free method of
simplified aeration - filtration is the most common, but with
increased anthropogenic load on water supply sources and in
case of deterioration of natural water quality parameters, this
method has a relatively narrow range of applications [1].

The biochemical method of groundwater iron removal has
become quite common in recent decades in many countries
around the world [3]. Thus, in [6] the dominance of the
biological method of groundwater iron removal over the
physicochemical method in the case of weakly acidic and near-
neutral waters with medium and low alkaline reserve is
substantiated. Extensive practical use of biological iron removal
technology of groundwater made it possible to obtain
experimental data [2, 5], which gave a new impetus to
theoretical research in this area. Therefore, a very important
issue today is the study of biological reactors in different
conditions of their operation, as well as the development of
appropriate mathematical models of these processes.

Known today mathematical models of groundwater
treatment from iron are divided into several groups according to
the degree of consideration of various factors and processes.
Models that take into account only the oxidation kinetics of Fe2+
belong to the first group. The first models of this type are
proposed in [7-9], they are usually two-component. In [7], it was
confirmed that the oxidation rate of Fe2+ ions in bicarbonate
solutions primarily depends on both the concentration of Fe2+
ions and the pH value. A known model for the removal of iron
compounds from water is presented in [10] and describes the
operation of treatment plants only at the initial stage of the
filtration cycle. This model belongs to the second type.
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The most complex are multi-component models that take
into account most of the existing processes of iron removal of
groundwater. In particular, they include the model proposed in
[11]. It takes into account the influence of mass transfer
processes, kinetics of various transformations and exchange that
occur in liquid and solid phases of the system relative to iron
ions, oxygen, various forms of iron hydroxide and describes the
process of water purification on fast filters at constant values of
filtration velocities.

The results of theoretical studies of the process of
accumulation of iron compounds on the loading of a two-layer
filter during the iron removal of groundwater are given in [12].
The corresponding model consists of two blocks. The first,
hydrodynamic unit contains the equations of filtration and
continuity of the filtration flow, taking into account changes in
the hydraulic characteristics of the filter. The second is the block
of dynamics of iron compounds, which contains the equation of
material balance with respect to the concentrations of iron Fe2+
and iron hydroxide Fe (OH) 3 both in solution and in solid
phases.

In [13-15], the classical method based on the
physicochemical mechanism of their extraction in the filtration
process was used to extract Fe2 + cations from neutral waters.
The biological factor that significantly affects the relevant
processes in the treatment of weakly acidic and near-neutral
groundwater was not taken into account. The works [13] [16—
17] are devoted to research of influence of the specified factor.

In [18] during developing a mathematical model of
groundwater iron removal, the influence of biomass and matrix
structures fixed on the reactor load on the purification processes
was taken into account, and the factors of attachment-separation
of bacteria and matrix under the action of flow hydrodynamics
forces were taken into account. However, these models do not
take into account the presence of iron bacteria of different
species, the comfortable reproduction of which is significantly
affected by various additional impurities, which does not give a
complete picture of the bioreactor between washes.

Il. MATHEMATICAL MODEL

For groundwater with low values of bicarbonate alkalinity
(<2.0 mmol / dm?) the use of simplified aeration - filtration for
iron removal is impractical, as it is impossible to remove
aggressive carbon dioxide [19], as in the case of humic acids in
water. According to [20-21], the biochemical method of
removing iron compounds is effective in weakly acidic and near
neutral groundwater at redox potential values from -100 mV to
300 mV at pH 7.5 and from 100 mV to 400 mV at pH 5, 5 [20],
in the case of small concentrations of dissolved oxygen in water.
For faster growth of iron bacteria of the genus Gallionella,
dissolved carbon dioxide is used as an impurity, and for iron
bacteria of the genus Leptothrix, organic compounds dissolved
in water are used.

Consider the process of iron removal from weakly acidic
groundwater with a permanganate oxidation value greater than

5,0mg O, /dm® on the bioreactor between its washes with

existing bacteria of the genus Gallionella and Leptothrix. After
the next flushing of the bioreactor, bacteria from the previous
cycle and bacteria coming from the well with the flushing water
remain in its loading. This provides the constant presence of

bacteria in the bioreactor in the amount of 103-105 cells / sm®
after its washing, which in turn provides the efficient operation
of the bioreactor immediately after washing. The bacteria of the
Leptothrix type that are present in the water from the wells, as a
result of their vital activity, form porous covers-nanotubes of the
same diameter, the bacteria of the Gallionella type bacteria form
spiral structures. A porous structure of y-FeOOH biominerals is
formed from the covers of iron bacteria in the interporous space
of the bioreactor loading [22, 23]. Gradually, this porous
structure fills the entire interporous space of the contact load,
convectively passing through the flow of water. Shells formed
by Leptothrix bacteria and spiral covers formed by Gallionella
bacteria are a kind of polymer matrix structure of biominerals.
Bacteria that come from groundwater and multiply intensively
are immobilized on this structure of biominerals. In turn, they
form new matrix structures. Each new portion of water brings
dissolved compounds of iron, carbon, oxygen, organic
impurities, creating comfortable conditions for the activity of
iron bacteria. Increasing the volume of the matrix in the
interporous space of the bioreactor leads to its gradual migration
to the lower layers of the load.

The described process of groundwater purification from iron
compounds in a biological reactor is modeled by the following
problem:
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where x € (0,1), I — the height of the working part of the

biological reactor, t<(0,T) , T — the time of effective
operation of the treatment plant, which is obtained during the
solution of the problem, it is equal to the time at which the
maximum dirt saturation of the bioreactor is achieved, M, —
maximum dirt capacity (maximum concentration of the matrix
in the bioreactor), S(x,t) — the concentration of matrix
structures at point X of the reactor at a given time t, which are
in the flow of water passing through the bioreactor, M (X,t) —
the concentration of matrix structures fixed in the interporous
space on the loading of the bioreactor, B, (x,t) and B, (x,t) —
mass concentrations of iron bacteria of the genus Gallionella and
Leptothrix, respectively, in the water passing through the
loading of the treatment plant, G(x,t) and L(x,t) — mass
concentrations of iron bacteria of the genus Gallionella and
Leptothrix, respectively, immobilized on the surface of the
primary stationary shell of the contact load and matrix structures
in the interporous space, C(x,z) — the concentration of an

additional source of inorganic carbon, N(x,t) — the
concentration of an additional source of organic compounds
dissolved in water, B™ — the limit value of bacterial biomass in
the matrix structures of the bioreactor, u° , u- - the
maximum specific growth rate of iron bacteria of the genus
Gallionella and Leptothrix respectively, F(x,t) — the
concentration of ferrous iron in the source water, functions
W;(x,t) and W,_(x,t) describe the growth rate of
microorganisms of the corresponding genera according to the
Mono equation, K. , K., K, — corresponding saturation
constants, Ho(x,t) . H_(x,t) establish the
relationship between bacterial biomass per unit volume of
source water passing through the filter and the average biomass
of bacteria fixed on the surface of the contact loading grains and

matrix structures in the interporous space, ensure the transition
of bacteria from dynamic to stationary taking into account the

functions

maximum saturation of bacteria, function H”(x,t) describes the
transition of matrix structures from steady state (stationary) to
dynamic (mobile) taking into account the limiting saturation of
the matrix, P — hydraulic pressure in the bioreactor, (M) —
filtration coefficient, (M ) — the porosity of the media, v(x)

— the velocity of water passing through the bioreactor,
y=y(x,t) — the function of iron bacteria immobilization

velocity on matrix structures and on contact loading, k; — the
coefficient that characterizing the share of matrix structures that
pass from the dynamic state to the steady state, k2 — the
coefficient that characterizing the share of matrix structures that
pass from the steady state to the dynamic state, k3 — the

coefficient that characterizing the proportion of the separation of
the excess matrix structures, y — the coefficient that characterizes

the rate of bacterial death, 0., O, — coefficients of the mass

fraction of inorganic carbon and organic compounds those
required for the construction of 1 g of cellular biomass of iron
bacteria of the genus Gallionella and Leptothrix, respectively,

B,, B, — coefficients of mass fraction of Fe2 + ions, which are

required for the construction of 1 g of cellular biomass of iron
bacteria of the genus Gallionella and Leptothrix, n,, n, —mass

fraction of Fe3 +, in the form of biominerals (FeOOH), which is
formed during the construction of 1 g of biomass by bacteria
fixed on stationary matrices in the interporous space of contact
loading and bacteria in the flow respectively.

The initial and boundary conditions for problem (1) - (10)
are next:

By t| =B’ x ;B xt| =B’ x;
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where B’ x and B," x , B x and B” x ,C° x and
C'x , N x and N x ,F° x and F" x , S® x and
S x fairly smooth functions that are consistent with each
other at the point (0,0).

I1. PROBLEM SOLVING AND CONCLUSIONS

Similarly to [24], the solving of the model problem (2) - (10)
is reduced to the solving of n simpler problems, respectively, on
the time intervals nAt <t <(n+1)At , where the choice of the

value of At is finally determined in the process of solving
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problem and ensures the convergence of the corresponding
algorithm for its solving. Thus, in particular, to find the
distribution of the concentration of ferrous iron in a bioreactor
by the method of characteristics, we solve a first order linear
inhomogeneous partial differential equation. The corresponding
solution will look like:

F (xt)= ;j,:gn(f{"nf(’gn‘”}deﬁ
(

Fg,(xt) _ —BW, ; (x— f*(At),t)B, ,(x— f(At),t - At)-
—BW, 4 (x— f(A),t)U, ,(x— F(At),t-AL).

In the paper multicomponent mathematical model of the
process of groundwater purification from iron compounds using
bacteria of the genus Gallionella and Leptothrix has been
developed, an algorithm for solving the problem has been built.
Based on the results of computer experiments, the time of
effective operation of the bioreactor between washes (up to 9-10
days) was established, as well as the distribution of
concentrations of all major components of the process in the
middle of the contact load of the bioreactor was determined.
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