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Abstract— We study a model of discrete conflict dynamical
system with attractive and repulsive interaction, which describes
the redistribution of common space of existence between three
alternative populations. The evolution of the redistribution of
common space of existence is illustrated by examples. It is assume
that two populations struggle to survive on a shared space of
existence (repulsive interaction), and third coexist with first two
ones in the same space (attractive interaction).
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|. INTRODUCTION

We consider a model of complex dynamical system
describing the conflict redistribution of vital resource between
three populations A, B, C (compare with [2, 3, 7]).

In our approach each state of the system at discrete time
moments t = 0,1, ... is described by their densities p!(x),
i = 1,2,3 on a compact Q (or by stochastic vectors p!,
i = 1,2,3)according to equations

pitt(x) = p{ ()8 + 1) + k[ (x),
1)
or for vectors in terms of coordinates
pitt =i (8t + 1) 1. )

We assume that all biological populations are non-
annihilating and moreover have probabilistic interpretation. We
are interesting in time asymptotical behavior [5]

lim pi(x) = p?(x) (lim p; = p”).

We start with simplest vector version of the Lotka-Volterra
equation with repulsive and attractive interaction between three
biological populations. To each population we associate one of
stochastic vectors p.r.q € R}, n>1 ,
[Ipll, = lirll; = liqlly = 1, where |||, denote [, norm on R%.
The evolution of p, r, q in time under the conflict interaction is
governed by the simplest vector version of the Lotka-Volterra
equations

p=px*(1-p),
1
l"=r*(1+z(p+q)). 3
a=q+*(1—aq)

Il. THE CONFLICT DYNAMICAL SYSTEM

Let ) = {w;, w3, ..., w,},n > 1 denote a finite space of
controversial positions for three populations, which are
represented by discrete probability measures p,, u, and yy
on Q. The starting distributions of p,, p, and p; along Q are
given by three sets of numbers

n

p; = py(@;), Zpi =1
i=1
n

1= (W), er =1,
i=1
n

q; = Uz (@), Z q; =1

i=1

So, the vectors p = (py, P2y P ), ¥ = (1, o, s 1)
q =0q., 92, .Gy ) from R} are stochastic,
0 <p,7m,q;<1,i=1n, and further we assume that they
are non-orthogonal.

Values p;, 1;,q; have the probabilistic sense for random
visits of positions w; by population A, B and C, respectively.
So one can write, p; = P(B is in w;), where P(-) means
a probability, and similar for r; and q;. Assume, that at next
moments of discrete time t = 1, 2, ... the population A, Band C
begin to interact one to other according the law

1

1 p.t + q.t
ritt = p rt(1+1th), tt== 5 -
t+1 1 t t
4 = Z_f‘h(l—pi): t=012..,
where p) =p;, 1°=m1, q’=gq; and z£ =1-(p’q"),

zL =1+ (7% r¥) stands for the normalising denominators
where Tt = %(p‘ +q°).
For given starting vectors p,r,q the iteration of the

mapping * generates a discrete trajectory of the conflict
dynamical system

(4)
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pt ot pt+1
rt ’ rt+1 , t=> 0'
qt - qt+1

where rt ; is called the state of the conflict dynamical

qt
system at the t-step of interaction. The problem is to study the
behavior of these states as t — co.

We consider
repulsive, due to

that the interaction between p and q is

[pt —rf| < |pt** —p'*t forallt =0,1,...

At the same time, r is attractive to one of the vectors p or
q, that is the distance between r and p or q decreases. So,
interaction = is attractive and repulsive simultaneous.

I1l. DESCRIPTION OF THE LIMITING STATES

Theorem 1. ([1, 6]) For each fixed r and any couple of
starting non-orthogonal stochastic vectors p, q, whose
coordinates are changed using (4), there exist limits

lim pt = p~,

t—oo

fma’ =4
Moreover,
p” Lg%, if p#gq,
p” = q%, otherwise.
Letp.q €RY, p #q, (p.q) > 0, define

D+:= Z di' D_:= Z di'

ieN, ieEN_
Where di = pi - Ti, N+ = {l: di > 0}, N_ = {l: di < 0}.
Obviously 0 < D, = —-D_< 1.

Theorem 2. ([1, 6]) The coordinates of the limiting vectors
P, q* have the following explicit representations

d;
{ B, 1 E N+
0, othewise,

{ ——, i eEN_
D
0, othewise,

= 4

128

where D =D, =D_.

Theorem 3. For (5) in the case n > 2 for starting
stochastic vectors r, whose coordinates are changed
using (4), there exist limits

lim rt = r®.
f—oo
Moreover
r° 1 p” or r°1q”.
Proposition 2. Letn = 2. Then limit vectors coincide with
one of the states:

p™ = (0;1),(1;0), G %)

)

70

= = (1,0, (0; 1) (1 1)
q - y ’ » ’ 21 2 ’
r° = (a; b), a+b=1.
Theorem 4. If there exist only one i, such that
d; = . Ergzi‘)éw_ {dk, —dj},

then limiting coordinate of r¢
=10 =0forallk #1i).

t, t
Remark 1. Theorem 1-4 is valid not only for z{ = pi:m

but also for z{, whose value depends on the three coordinates
t t t t _ 1.t t t

pi » 17, ¢q; , for example T o ot oa)
t : t ..t .t )

T = miln(pi'ri 40), T} mfax(pit'ritv q;), etc.

IV. EXEMPLES

We obtain computer simulation for our model. Figure 1
with the initial state {p,r, q} and the limite state {p~, r”, q*}
illustrate the implementation of Theorem 3. The examples in
Figures 2-4 demonstrate the assertion of Theorems 1, 2, 4 for a
particular model of dynamical system.
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Figure 1. n = 2,p = (0,49; 0,51), r = (0,76; 0,24),q = (0,39; 0,61),
p® =(1; 0), r* =(0,745; 0,255), q* =(0; 1)
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Figure2.n =3, p =(0,20187; 0,22175; 0,57638),
r = (0,48895; 0,43225; 0,0788), q = (0,38499; 0,45388; 0,16113),
p® =(0; 0; 1), r® =(0; 0; 1), q* = (0,44; 0,56; 0)
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Figure3.n =3, p = (0,636; 0,325; 0,039),
r = (0,505; 0,134; 0,361), q = (0,507; 0,257; 0,236),
p® = (0,655; 0,345; 0), r*® = (0; 0; 1), q° = (0; 0; 1)
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Figure4.n =4, p = (0,27; 0,2; 0,48; 0,05),
r = (0,28; 0,22; 0,35; 0,05), q = (0,23; 0,1; 0,66; 0,01),

p” =(0,22; 0,55; 0; 0,23), r” = (0; 0; 1;0), ¢° = (0; 0; 1;0).
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