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Abstract. The article discusses complete 
semigroups of binary relations defined by 
semilattices of the class ∑ (𝑋𝑋, 5)2 . It is described 
idempotent elements of complete semigroups of 
binary relations defined by semilattices of the class 
∑ (𝑋𝑋, 5)2 . In the case of finite semigroups, the formula 
for calculating idempotent elements is obtained. It is 
shown that the order of any subgroup 𝐺𝐺𝑋𝑋(𝐷𝐷, 𝜀𝜀) of a 
semigroup  𝐵𝐵𝑋𝑋(𝐷𝐷) does not exceed 2. 
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I. INTRODUCTION

In this paper, we consider complete 
semigroups of binary relations defined by complete 
X-semilattice of unions. It is known that the
properties of the complete semigroups of unions are
closely related to the properties of the semilattice
by which this semigroup is defined. Because of this,
we fix the diagram of semilattices (We denote this
class of semilattices with the symbol ∑ (𝑋𝑋, 5)2 ) and
study the properties of the corresponding
semigroup. Using the quantities of reflections, we
also obtained the formula for calculating the
number of idempotent elements of finite
semigroups.

II. THE THEORETICAL PART

Let 𝑋𝑋  and ∑ (𝑋𝑋, 5)2  represent, respectively, any 
non-empty set and such a class of semilattices 𝑋𝑋 of 
mutually isomorphic unions, each element of which 
is isomorphic to the upper semilattices 𝐷𝐷𝜁𝜁 =
�𝐷𝐷�𝜁𝜁 ,𝑍𝑍1,𝑍𝑍2,𝑍𝑍3,𝑍𝑍4� , satisfying the following 
condition: 

𝑍𝑍4 < 𝑍𝑍3 < 𝑍𝑍1 < 𝐷𝐷�𝜁𝜁 ,  𝑍𝑍4 < 𝑍𝑍2 < 𝐷𝐷�𝜁𝜁 ,  𝑍𝑍1\𝑍𝑍2 ≠ ∅, 
𝑍𝑍2\𝑍𝑍1 ≠ ∅, 𝑍𝑍3\𝑍𝑍2 ≠ ∅, 𝑍𝑍2\𝑍𝑍3 ≠ ∅ … (1) 

The upper semilattice satisfying condition (1) is 
shown in Fig. 1.  

 Theorem 1. Suppose 𝐷𝐷 ∈ ∑ (𝑋𝑋, 5)2 . A binary 
relation 𝛼𝛼 of a semigroup 𝐵𝐵𝑋𝑋(𝐷𝐷) is an idempotent 
element of this semigroup only if it satisfies at least 
one of the following conditions: 

a) 𝛼𝛼 = 𝑋𝑋 × 𝑍𝑍 for any 𝑍𝑍 ∈ 𝐷𝐷;

b) α=(Y_1^α×Z)∪((X∖Y_1^α )×Z'), where
Z,Z'∈D,  Y_1^α⊂X and satisfies the following
conditions:   Z⊂Z', Y_1^α≠∅, Y_1^α⊇Z და
Z'∖Y_1^α≠∅;

c) α =(Y_1^ α ×

Z)∪(Y_2^α×Z')∪((X\(Y_1^α∪Y_2^α ))×Z'')
where Z,Z' ,𝑍𝑍′′ ∈ 𝐷𝐷  and pairwise disjoint
subsets 𝑌𝑌1𝛼𝛼  and 𝑌𝑌2𝛼𝛼  of set X satisfy the
following conditions: Z ⊂ Z′ ⊂ 𝑍𝑍′′,  𝑌𝑌1𝛼𝛼 ≠ ∅,
𝑋𝑋\(𝑌𝑌1𝛼𝛼 ∪ 𝑌𝑌2𝛼𝛼) ≠ ∅ , 𝑌𝑌1𝛼𝛼 ⊇ 𝑍𝑍 , 𝑌𝑌1𝛼𝛼 ∪ 𝑌𝑌2𝛼𝛼 ⊇ Z′ ,
𝑌𝑌2𝛼𝛼 ∩ Z′ ≠ ∅;
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d) α=(Y_1^α×Z_3 )∪(Y_2^α×Z_2
)∪((X\(Y_1^α∪Y_2^α ))×D ̆ ), where Y_1^α 
and Y_2^α are pairwise disjoint subsets of the 

set X that satisfy the following conditions:  
Z_3∩Z_2=∅, Z_3⊆Y_1^α⊆X\Z_2, 

Z_2⊆Y_2^α⊆X\Z_3; 
e) 𝛼𝛼 = (𝑌𝑌_1^𝛼𝛼 × 𝑍𝑍_3 ) ∪ (𝑌𝑌_2^𝛼𝛼 × 𝑍𝑍_2 ) ∪

((𝑋𝑋\(𝑌𝑌_1^𝛼𝛼 ∪ 𝑌𝑌_2^𝛼𝛼 )) × 𝐷𝐷 ̆ ), where Y_1^α
and Y_2^α are pairwise disjoint subsets of the
set X that satisfy the following conditions:
𝑍𝑍_3 ∩ 𝑍𝑍_2 = ∅,𝑍𝑍_3 ⊆ 𝑌𝑌_1^𝛼𝛼 ⊆ 𝑋𝑋\
𝑍𝑍_2,𝑍𝑍_2 ⊆ 𝑌𝑌_2^𝛼𝛼 ⊆ 𝑋𝑋\𝑍𝑍_3;

𝑋𝑋\(𝑌𝑌_1^𝛼𝛼 ∪ 𝑌𝑌_2^𝛼𝛼 ) ≠ ∅,𝑌𝑌_1^𝛼𝛼
⊇ 𝑍𝑍,𝑌𝑌_1^𝛼𝛼 ∪ 𝑌𝑌_2^𝛼𝛼
⊇ 𝑍𝑍′,𝑌𝑌_2^𝛼𝛼 ∩ 𝑍𝑍′ ≠ ∅; 

where 𝑌𝑌1𝛼𝛼  and 𝑌𝑌2𝛼𝛼  are pairwise disjoint 
subsets of the set X that satisfy the following 
conditions:  𝑍𝑍3 ∩ 𝑍𝑍2 = ∅ , 𝑍𝑍3 ⊆ 𝑌𝑌1𝛼𝛼 ⊆ 𝑋𝑋\𝑍𝑍2 , 
𝑍𝑍2 ⊆ 𝑌𝑌2𝛼𝛼 ⊆ 𝑋𝑋\𝑍𝑍3; 

a) 𝛼𝛼 = (𝑌𝑌1𝛼𝛼 × 𝑍𝑍4) ∪ (𝑌𝑌2𝛼𝛼 × 𝑍𝑍3) ∪ (𝑌𝑌3𝛼𝛼 × 𝑍𝑍1) ∪
��𝑋𝑋\(𝑌𝑌1𝛼𝛼 ∪ 𝑌𝑌2𝛼𝛼 ∪ 𝑌𝑌3𝛼𝛼)� × 𝐷𝐷��, where 𝑌𝑌1𝛼𝛼 ,  𝑌𝑌2𝛼𝛼
and 𝑌𝑌3𝛼𝛼  are pairwise disjoint subsets of the
set X that satisfy the following conditions:

 𝑌𝑌1𝛼𝛼 ⊇ 𝑍𝑍4 , 𝑌𝑌1𝛼𝛼 ∪ 𝑌𝑌2𝛼𝛼 ⊇ 𝑍𝑍3 , 𝑌𝑌1𝛼𝛼 ∪ 𝑌𝑌2𝛼𝛼 ∪ 𝑌𝑌3𝛼𝛼 ⊇ 𝑍𝑍1 , 
𝑌𝑌2𝛼𝛼 ∩ 𝑍𝑍3 ≠ ∅, , 𝑌𝑌3𝛼𝛼 ∩ 𝑍𝑍1 ≠ ∅; 
b) Let’s say that 𝑍𝑍 = 𝑍𝑍3 , 𝑍𝑍′ = 𝑍𝑍2  or 𝑍𝑍 = 𝑍𝑍1 ,

𝑍𝑍′ = 𝑍𝑍2, then
𝛼𝛼 = (𝑌𝑌1𝛼𝛼 × 𝑍𝑍4) ∪ (𝑌𝑌2𝛼𝛼 × 𝑍𝑍) ∪ (𝑌𝑌3𝛼𝛼 × 𝑍𝑍′) ∪ ��𝑋𝑋\
(𝑌𝑌1𝛼𝛼 ∪ 𝑌𝑌2𝛼𝛼 ∪ 𝑌𝑌3𝛼𝛼)� × 𝐷𝐷�� , where 𝑌𝑌1𝛼𝛼 ,  𝑌𝑌2𝛼𝛼  and 𝑌𝑌3𝛼𝛼 
are pairwise disjoint subsets of the set X that 
satisfy the following conditions:  
 𝑌𝑌1𝛼𝛼 ⊇ 𝑍𝑍4 , 𝑌𝑌1𝛼𝛼 ∪ 𝑌𝑌2𝛼𝛼 ⊇ 𝑍𝑍 , 𝑌𝑌1𝛼𝛼 ∪ 𝑌𝑌2𝛼𝛼 ∪ 𝑌𝑌3𝛼𝛼 ⊇ 𝑍𝑍′ , 
𝑌𝑌2𝛼𝛼 ∩ 𝑍𝑍 ≠ ∅, 𝑌𝑌3𝛼𝛼 ∩ 𝑍𝑍′ ≠ ∅. 

Theorem 2. Let X be a finite set and I represent 
the set of all idempotent relations of the 
semigroup 𝐵𝐵𝑋𝑋(𝐷𝐷).  Then for the number |𝐼𝐼|  the 
following statements are true: 

a) if ∅ ∉ 𝐷𝐷 (i. e.  𝑍𝑍4 ≠ ∅), then
|𝐼𝐼| = 5 + �2|𝑍𝑍3\𝑍𝑍4| − 1� ∙ 2|𝑋𝑋\𝑍𝑍3| + �2|𝑍𝑍2\𝑍𝑍4| −
1� ∙ 2|𝑋𝑋\𝑍𝑍2| + �2|𝑍𝑍1\𝑍𝑍4| + 2|𝑍𝑍1\𝑍𝑍3| − 2� ∙ 2|𝑋𝑋\𝑍𝑍1| +
�2|𝐷𝐷�\𝑍𝑍4| + 2|𝐷𝐷�\𝑍𝑍3| + 2|𝐷𝐷�\𝑍𝑍2| + 2|𝐷𝐷�\𝑍𝑍1| −
4�2|𝑋𝑋\𝐷𝐷�| + �2|𝑍𝑍3\𝑍𝑍4| − 1� ∙ �3|𝑍𝑍1\𝑍𝑍3| −
2|𝑍𝑍1\𝑍𝑍3|�3|𝑋𝑋\𝑍𝑍1| + (�2|𝑍𝑍3\𝑍𝑍4| − 1� ∙ �3|𝐷𝐷�\𝑍𝑍3| −
2|𝐷𝐷�\𝑍𝑍3|� + �2|𝑍𝑍2\𝑍𝑍4| − 1� ∙ �3|𝐷𝐷�\𝑍𝑍2| − 2|𝐷𝐷�\𝑍𝑍2|� +
�2|𝑍𝑍1\𝑍𝑍4| − 1� ∙ �3|𝐷𝐷�\𝑍𝑍1| − 2|𝐷𝐷�\𝑍𝑍1|� + �2|𝑍𝑍1\𝑍𝑍3| −
1� ∙ �3|𝐷𝐷�\𝑍𝑍1| − 2|𝐷𝐷�\𝑍𝑍1|�) ∙  3|𝑋𝑋\𝐷𝐷�| + �2|𝑍𝑍3\𝑍𝑍4| −
1��3|𝑍𝑍1\𝑍𝑍3| − 2|𝑍𝑍1\𝑍𝑍3|� ∙ �4|𝐷𝐷�\𝑍𝑍1| −
3|𝐷𝐷�\𝑍𝑍1|�4|𝑋𝑋\𝐷𝐷�| + ��2|𝑍𝑍3\𝑍𝑍2| − 1� ∙ �2|𝑍𝑍2\𝑍𝑍3| − 1� +
�2|𝑍𝑍1\𝑍𝑍2| − 1� ∙ �2|𝑍𝑍2\𝑍𝑍1| − 1�� ∙ 4|𝑋𝑋\𝐷𝐷�|. 

b) if ∅ ∈ 𝐷𝐷 (i. e.  𝑍𝑍4 = ∅), then
|𝐼𝐼| = 1 + �2|𝑍𝑍3\𝑍𝑍4| − 1� ∙ 2|𝑋𝑋\𝑍𝑍3| + �2|𝑍𝑍2\𝑍𝑍4| −
1� ∙ 2|𝑋𝑋\𝑍𝑍2| + �2|𝑍𝑍1\𝑍𝑍4| − 1� ∙ 2|𝑋𝑋\𝑍𝑍1| + �2|𝐷𝐷�\𝑍𝑍4| −
1� ∙ 2|𝑋𝑋\𝐷𝐷�| + �2|𝑍𝑍3\𝑍𝑍4| − 1� ∙ �3|𝑍𝑍1\𝑍𝑍3| − 2|𝑍𝑍1\𝑍𝑍3|� ∙
3|𝑋𝑋\𝑍𝑍1| + (�2|𝑍𝑍3\𝑍𝑍4| − 1� ∙ �3|𝐷𝐷�\𝑍𝑍3| − 2|𝐷𝐷�\𝑍𝑍3|� +
�2|𝑍𝑍2\𝑍𝑍4| − 1� ∙ �3|𝐷𝐷�\𝑍𝑍2| − 2|𝐷𝐷�\𝑍𝑍2|��2|𝑍𝑍1\𝑍𝑍4| − 1� ∙
(3^|𝐷𝐷 ̆\𝑍𝑍_1 |  − 2^|𝐷𝐷 ̆\𝑍𝑍_1 |  )) ∙  3^|𝑋𝑋\𝐷𝐷 ̆ |  +
�2|𝑍𝑍3\𝑍𝑍4| − 1� ∙ �3|𝑍𝑍1\𝑍𝑍3| − 2|𝑍𝑍1\𝑍𝑍3|� ∙ �4|𝐷𝐷�\𝑍𝑍1| −
3|𝐷𝐷�\𝑍𝑍1|� ∙ 4|𝑋𝑋\𝐷𝐷�| + ��2|𝑍𝑍3\𝑍𝑍2| − 1� ∙ �2|𝑍𝑍2\𝑍𝑍3| −
1� + �2|𝑍𝑍1\𝑍𝑍2| − 1� ∙ �2|𝑍𝑍2\𝑍𝑍1| − 1�� ∙ 4|𝑋𝑋\𝐷𝐷�|. 

 Let us introduce the notation: let 𝐺𝐺𝑋𝑋(𝐷𝐷, 𝜀𝜀) 
denote the maximal subgroup of the semigroup 
𝐵𝐵𝑋𝑋(𝐷𝐷), which identity element ε represents the 
idempotent binary relation of the semigroup 
𝐵𝐵𝑋𝑋(𝐷𝐷). 

Theorem 3. For any idempotent binary relation ε 
of the semigroup 𝐵𝐵𝑋𝑋(𝐷𝐷) , the subgroup 𝐺𝐺𝑋𝑋(𝐷𝐷, 𝜀𝜀) 
of the semigroup 𝐵𝐵𝑋𝑋(𝐷𝐷) is a group which order 
does not exceed two. 

CONCLUSION 

From the above-mentioned we may conclude 
that digital technologies have brought changes to the 
nature and scope of education. Given that the 
integration of digital technologies is a complex and 
continuous process that impacts different actors 
within the education ecosystem, there is a need to 
show how these impacts are interconnected and 
identify the factors that can encourage an effective 
and efficient change in the education environments. 
The greatest difficulty is the transition from 
information circulating in the training system to 
independent practical actions and deeds, in other 
words, from a sign system as a form of information 
presentation on the pages of a textbook, a monitor 
screen, etc. to a system of practical actions 
performed on the basis of knowledge and having a 
fundamentally different logic than the logic of 
organizing a semiotic system. This is the classic 
problem of applying knowledge in practice, and in 
axiological language - the problem of the transition 
from worldview thought to relevant valuable action. 
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