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Abstract— The authors have been constructed the splitting of 

the basic geometric images vector field (points, straights, 

hyperplanes and hyperguadrics) in transition from n-dimensional 

affine space to the space of affine connection. All invectigations 

have been fulfilled in the moving coordinate system of zero order. 
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I. INTRODUCTION

Problem formation. The research of manifolds of 

homogenious and generalized spaces is connected with 

definition of invariant geometric images of affine connection 

(straights, points, k-dimensional planes, hyperquadrics, etc). It 

is also related to the research of vector fields in n-dimensional 

space of affine connection.  

Publication review on the subject. The investigation of 

vector fields and associated with them chapters in equiaffine 

space is connected with the activities of a number of scientists. 

We should mention Yurii A. Aminov [1], D.A. Sintsov [2], 

S.S.Bushgues [3] and many others. In case of three-

dimensional affine space this problem was investigated by 

V.V.Slukhayev [4] and Ch. Gheorgiev [5]. The bases of

differential geometry of vector field in n-dimensional affine

space have been built in [6], in this case accompanying

moving coordinate system is chosen by means of the case

when one of the vectors coincides with vector of vector field.

Besides the previous information we remark that the last 

mentioned work deals with building of invariant linear 

models: points, straights, hyperplanes and hyperquadrics. 

II. FORMATION OF THE AIMS OF RESEARCH:

To build invariant models for vector field in n-dimensional 

affine space with help of G.F.Laptiev [7] method.  

The objective of the thesis is to receive the splitting of 

basic geometric images, vector fields in transition from n-

dimensional affine space to n-dimensional space of affine 

connection. 

III. MATERIALS AND METHODS

Classical space of affine connection nn,A  is determined by 

system forms iω and 
i
j  satisfy the structure equations: 
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In equations (1.1) values 
α
βγR are skew symmetric on 

subscript indexes and in a set they form torsion tensor of nn,A

space, values 
α
βγδR are skew symmetric on indexes γ, δ and

they form tensor of curvature of space nn,A . 

The space of affine connection nA  is the fibering space 

which base is considered to be any differential manifold nM , 

and its layers are some central affine spaces (u)An  related to 

affine  moving coordinate system  (u),e(u),A0 


. 

In this case n independent first integrals n21 u,...,u,u of 

fully integrated system of forms ω are local coordinates of 

point (u))A(u of base nM  space nn,A .

The forms αω , 
α
βω invariantly denote infinitively close 

affine reflection of neibouring local space (layer) into the 

given one with the help of  moving coordinate system 

reflection 

(u)eω+(u)e=(u)de+(u)e=du)+(ue

(u),eω=dA(u)du)+A(u
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Definition. Vector field in space nn,A  is called the function

in which every point A(u)  base of space nn,A  corresponds

definite vector (u)v


 which belongs to n-dimensional affine 

space (u)An  related to moving coordinate system 

 (u)e(u),A=T αn


. This space, as it is obvious, is a layer over 

point )u(A . 

System of differential equations of vector field in  moving 

coordinate system of zero order (starting point )u(A  of vector 

field coincides with the end of vector A


, and vector v


coincides with nl  have the form  

.)n,1=...γ,β,,(αωA=α βα
nβ

α
n (1.3) 

Continuing the system of differential equations (1.3) we'll 

receive the system of differential equations of fundamental 

object of the first order of vector field of space n,nA  in the form

γα
nββ

α
γ

γ
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γ
β

α
nγ

α
nβ ωΛ+ωΛωΛ=dΛ − , (1.4) 
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where 

  0=R+RΛ+Λ α
nββ

δ
γβ

α
nδ

α
βγn

. (1.5) 

Continuing the system of differential equations (1.3) we'll 

have 
δα

nββγ
α
δ

δ
nββ

α
γ

γ
nββ

δ
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α
nδδ

α
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Succession of fundamental objects  ...,Λ,Λ,Λ α
nββγ

α
nββ

α
nβ

lies on the basis of differential geometry of vector field in 

space nn,A . 

Remark. Apart from n-dimensional affine space tensors 

...,Λ,Λ α
nββγ

α
nββ  loose symmetric properties on two down 

subscript indexes. 

IV. RESULTS AND DISCUSSION

Find differential equations of some invariant geometric 

objects joint to vector field. 

Field of points. Consider point )x(P 
 in affine space nA . 

If P


– is radius-vector of this point, in this case related to

affine  moving coordinate system ( )αe,A


 it can be expressed 

with the following correspondence 

α
αex+A=P


. (2.1) 

After differentiation of (2.1) taking into account equation 

of structure, receive 
βα

β
α
β

βα ωx=ωx+dx , (2.2) 

or in fixation of main parameters 

0=πx+δx α
β

βα
. (2.3) 

Consider values 
α
nn

α Λ=N . (2.4) 

If differential equations values (2.4) have the form 
βα

β
α
β

βα ωN=ωN+dN according to (2.2) they define invariant

point. 

Field of straights. Straight, which crosses the point A  with 

directed vector α
αev=R


define as  RA,=l


. 

Conditions of invariance of straight will be 

0=dQ,RQ=Rδ


. (2.5) 

From the previous data 
αα

β
βα Qv=πv+δv , (2.6) 

or 

)1n,1=(i,Qv=πv+δv

,Qv=πv+δv
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i
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ii
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−
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Sometimes it is convenient to promote norm of vector R


 in 

which 1=vn . 

Then 
n
i

iωv=Q . (2.8) 

Putting (2.8) in the first equation (2.7) we have 

0=πvvπv+δv n
k

kii
j

ii − . (2.9) 

Thus, differential equations of invariance of straight have 

the form 
αi

α
n
k

kii
j

ii ωv=ωvvωv+dv − . (2.10) 

Build values β
nαV (in condition of 0//α//def α

β  ) 

β
α

β
nγ

γ
nα δ=VΛ , (2.11) 

and with their help values 

γα
γ

α
β

βα

β
nn

α
nβ

α

ωM+ωM=dM

,ΛV=M

−

−
. (2.12) 

If differential equations of (2.12) we have the equations' 

structure (2.6), the pair  MA,


, where α
αeM=M


defines 

invariant straight. 

Statement 1. In differential neighborhood of the first order 

exists straight invariant with vector field which is determined 

by tensor αM . 

Field of hyperplanes. Equation of condition of invariance 

of hyperplane 0=v+xv α
α  related to moving coordinate 

system ( )αe,A


 has the following form 

.Qv=δv

,Qv=πv+δv α
β
αβα . (2.13) 

Q − a linear form, which means 0=dQ . Two cases are 

possible. 

1. Hyperplane doesn't cross point A.

It's possible to put in this case 1=v , then 0=Q .

Conditions of invariance of hyperplane take the form 

0=πv+δv β
αβα . (2.14) 

2. Hyperplane crosses point A.

In this case 0=v . Conditions of its invariance have the

form 

α
β
αβα Qv=πvδv − . (2.15) 

Putting 1=vn  conditions (2.15) have the form 

0=ππvδv n
i

j
iji −− . (2.16) 

Build values βααβ MN=g . 

In condition of 0//g//def αβ  introduce values 

α
βγβ

αδ δ=gg and with their help 

0.=πgδg

,Ng=g

β
βα

α
αβα

−
. (2.17) 

If differential equations of value αg have structure of 

differential equations (2.14) then these values define 

hyperplane which doesn't cross point A  in the  form 0=xg α
α . 

Statement 2. In differential neighborhood of the first order 

exists invariant hiperplane of vector field which doesn't cross 

its beginning and which is determined by tensor αg . 

Modeling, Control and Information Technologies - 2019

79



We build invariant hyperplanes with help of fundamental 

tensor of the second order α
njiΛ . With this

0=πδ

,Λ=

β
αnβΛ

1
nαΛ

1

β
nααnαΛ

1

−

(2.17) 

and also tensor 

0=πδ

,Λ=

β
αnβΛ

2
nαΛ

2

β
nββnαΛ

2

−

(2.19) 

Obviously, tensors (2.18) and (2.19) for space nn,A are 

different, and in case of affine space nA coincide. They 

denote invariant hyperplanes that do not cross the beginning of 

forming element and they are also defined by the equations: 

0=1+xαnαΛ
1

, (2.20) 

0=1+xαnαΛ
2

(2.21) 

Hyperplanes (2.20) and (2.21) are called the main 

hyperplanes of vector field. 

Statement 3. In case of transition from vector field of n-

dimensional space nA  to vector field in n-dimensional space 

of affine connection the splitting of main hyperplanes takes 

place. 

Differential conditions of invariance of hyperquadric joint 

to vector field. 

The equation of hyperquadric relatively to any local 

moving coordinate system ( )αe,A


 has the form 

0=A+xA2+xxA α
α

βα
αβ . (3.1) 

Where βααβ A=A . 

Hyperquadric doesn't cross the beginning of definite vector 

element. 

In this case it is possible to take 1=A . Thus, 0=Θ . 

Equations of invariance of hyperquadric obtain the form 

.0=πAδA

,0=πΛπΛδΛ

λ
αγα

γ
αγβ

γ
βαγαβ

−

−−
(3.2) 

Hyperquadrics cross the beginning of forming vector 

element. 

In this case 0=A  and conditions of invariance of quadric 

have the form 

α
λ
αγα

αβ
γ
αγβ

γ
βαγαβ

ΘA=πAδA

,ΘA=πAπAδA

−

−−
. (3.3) 

Considering the general form we put 1=An . Then 0=Θ . 

Conditions of invariance of hyperquadric that crosses the 

beginning of vector element will be: 

0.=ππAδA

,0=δA

,0=πAπAδA

,0=πAπAπAπAδA
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The hyperquadric proper is taken by the equation: 

0.=x2+xA2+)(xA

+xxA2+xxA

ni
i

2n
nn

ni
in

ji
ij

+
. (3.5) 

Some types of invariant hyperquadrics joint to vector field. 

Invariant hyperquadric which is defined by the 

fundamental objects of the first and second order. 

4. Analyze tensor α
nβΛ . In general case.

  0Λdet=Λ α
nβ  . (4.1) 

It permits to introduce values 
α
nβv , that their components

are defined from the correspondence, 
α
β

α
nβ

α
nβ δ=vΛ . (4.2) 

Differential equations of tensor have the form 
γα

nββ
α
γ

γ
nβ

γ
β

α
nγ

α
nβ ωv+ωvωv=dv − . (4.3) 

Build tensor 
δ
nββ

α
nδ

α
βγ Λv=Γ . (4.4) 

Its differential equations in case of fixation of main 

parameters obtain the form 
α
δ

δ
βγ

δ
γ

α
βδ

δ
β

α
βγ

α
βγ πΓπΓ+πΓ=δΓ − (4.5) 

due to tensor which is defined by the correspondence (4.4.) 

consequently build tensors 

0.=πΓδΓ

,Γ=Γ

β
αβα

β
βαα

−
(4.6) 

0.=πΓπΓδΓ

,ΓΓ=Γ

γ
βαγ

γ
αγβαβ

γ
αβγαβ

−−
(4.7) 

If differential equations of tensors (4.6.) and (4.7.) have 

structure of equations (3.4.) the equations of invariant 

hyperquadric which is determined by the fundamental objects 

of the first and second order and it doesn't cross the beginning 

of definite vector element has the form 

0=1+xΓ2+xΓ α
α

α
αβ . (4.8) 

2. Invariant hyperquadric which is determined by the

fundamental object of the second order. 

Owing to tensor 
α
nββΛ build tensors 

.π+π=δ

,Λ=

γ
βnααΛ

1γ
αnγγΛ

1
nααΛ

1

nγΛ
1γ

nααnααΛ
1

(4.9) 

.π+π=δ

,Λ=

γ
αnγγΛ

2γ
βnααΛ

2
nααΛ

2

nγΛ
2γ

nααnααΛ
2

(4.10) 

If differential equations of tensors (4.9.) and (4.10.) have 
structure of equations (3.4.) equation of invariant 
hyperquadrics which is determined by the fundamental object 
of the second order and it doesn't cross the beginning of 
definite vector element and it has the form 
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0=1+x2+xx α
nαΛ

1βα
nααΛ

1
. (4.11) 

0=1+x2+xx α
nαΛ

2βα
nααΛ

2
. (4.12) 

Definition. Quadric (4.11) and (4.12) is called the main 
hyperquadrics. 

Statement 4. In case of transition from vector field of n-

dimensional affine space nA to vector field of n-dimensional 

space of affine connection the splitting of main hyperquadric 
takes place. 

V. CONCLUSION

It has been constructed the splitting of the basic geometric 
images vector field (points, straights, hyperplanes and 
hyperguadrics) in transition from dimensional affine space to 
the space of affine connection. All investigations have been 
fulfilled in the moving coordinate system of zero order. 
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