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Abstract— The authors have been constructed the splitting of
the basic geometric images vector field (points, straights,
hyperplanes and hyperguadrics) in transition from n-dimensional
affine space to the space of affine connection. All invectigations
have been fulfilled in the moving coordinate system of zero order.

Keywords— vector field, splitting of geometric image, affine
space, hyperplane, hyperguadric.

I. INTRODUCTION

Problem formation. The research of manifolds of
homogenious and generalized spaces is connected with
definition of invariant geometric images of affine connection
(straights, points, k-dimensional planes, hyperquadrics, etc). It
is also related to the research of vector fields in n-dimensional
space of affine connection.

Publication review on the subject. The investigation of
vector fields and associated with them chapters in equiaffine
space is connected with the activities of a number of scientists.
We should mention Yurii A. Aminov [1], D.A. Sintsov [2],
S.S.Bushgues [3] and many others. In case of three-
dimensional affine space this problem was investigated by
V.V.Slukhayev [4] and Ch. Gheorgiev [5]. The bases of
differential geometry of vector field in n-dimensional affine
space have been built in [6], in this case accompanying
moving coordinate system is chosen by means of the case
when one of the vectors coincides with vector of vector field.

Besides the previous information we remark that the last
mentioned work deals with building of invariant linear
models: points, straights, hyperplanes and hyperquadrics.

Il. FORMATION OF THE AIMS OF RESEARCH:

To build invariant models for vector field in n-dimensional
affine space with help of G.F.Laptiev [7] method.

The objective of the thesis is to receive the splitting of
basic geometric images, vector fields in transition from n-
dimensional affine space to n-dimensional space of affine
connection.

I1l. MATERIALS AND METHODS

Classical space of affine connection A, , is determined by

system forms o' and a)'J satisfy the structure equations:
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In equations (1.1) values ng are skew symmetric on

(1.1)

subscript indexes and in a set they form torsion tensor of A,

space, values nga‘ are skew symmetric on indexes vy, & and
they form tensor of curvature of space A, .

The space of affine connection A, is the fibering space
which base is considered to be any differential manifold M, ,
and its layers are some central affine spaces A, (u) related to

affine moving coordinate system {A(u), &, , (u)}.

2 n

In this case n independent first integrals ut,u?,...u" of

fully integrated system of forms »® are local coordinates of
point A(u“®(u)) of base M, space Anp -
The forms o” , w; invariantly denote infinitively close

affine reflection of neibouring local space (layer) into the
given one with the help of moving coordinate system

reflection
A(u+du) > dA(u) = 0’€,, (u),
(1.2)
6, (U-+du) = e, (U)+de, (u) = &, (u) + 0 &4()

Definition. Vector field in space A, is called the function
in which every point A(u) base of space Ay, corresponds
definite vector vV(u) which belongs to n-dimensional affine
space A,(u) related to moving coordinate  system
Ty = {A(u), éa(u)}. This space, as it is obvious, is a layer over
point A(u).

System of differential equations of vector field in moving
coordinate system of zero order (starting point A(u) of vector

field coincides with the end of vector A, and vector V
coincides with I, have the form

an = Aigo” (o, B, y,..=1n). (1.3)

Continuing the system of differential equations (1.3) we'll
receive the system of differential equations of fundamental
object of the first order of vector field of space A, in the form

d/lgﬁ = /1%,0); —Agﬁw}? +Agﬁﬁwy , (14)
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where
(1.5)

Continuing the system of differential equations (1.3) we'll
have

[ —
Ar?[ﬂy] +Ag§ Ryﬁ + Rr?ﬁﬁ =0.

dAr(fﬂ/f = Aﬁ&;a)g +A%’ﬂﬂw3 _Ar(?ﬂ/fa)g +Agﬂﬂya}5 . (16)

Succession of fundamental objects {A,‘fﬁ, s gy -

lies on the basis of differential geometry of vector field in
space Ay, -

Remark. Apart from n-dimensional affine space tensors
Agﬂﬂ,Agﬂﬂy, es
subscript indexes.

loose symmetric properties on two down

IV. RESULTS AND DISCUSSION

Find differential equations of some invariant geometric
objects joint to vector field.

Field of points. Consider point P(x) in affine space A, .
If P— is radius-vector of this point, in this case related to

affine  moving coordinate system (A,%) it can be expressed
with the following correspondence
P=A+x%,. (2.1)
After differentiation of (2.1) taking into account equation
of structure, receive

dx*+ Xﬁ“"g’ = X?;wﬁ , (2.2)
or in fixation of main parameters
" +xPr=0. (2.3)
Consider values
N%= 4% . (2.4)

If differential equations values (2.4) have the form
dN* + N%}% = Ngwﬂ according to (2.2) they define invariant
point.

Field of straights. Straight, which crosses the point A with
directed vector R=Vv", define as 1= [A, ﬁ].

Conditions of invariance of straight will be

SR=QR,dQ=0. (2.5)
From the previous data
v+l =Qv, (2.6)
or
o' +vinij = Qvi ,
. 2.7)

S+ = Qv (i=1,n-1)
Sometimes it is convenient to promote norm of vector R in
which v"=1.
Then
Q= Via)in .
Putting (2.8) in the first equation (2.7) we have

(2.8)
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vt vzl —vivka =0. (2.9)
Thus, differential equations of invariance of straight have

the form
i,k

dv' +via)ij VKl =vl* . (2.10)
Build values Vn/i (in condition of defl/az// #0)
ANE =08 (2.11)
and with their help values
M* = -V A,
(2.12)

dM“:—Mﬂw73+M}‘,’w7.
If differential equations of (2.12) we have the equations'
structure (2.6), the pair lA,MJ, where M =M “g, defines

invariant straight.
Statement 1. In differential neighborhood of the first order
exists straight invariant with vector field which is determined

by tensor M ¢ .
Field of hyperplanes. Equation of condition of invariance

of hyperplane v,x*+v=0 related to moving coordinate
system (A, éa) has the following form
B —
Ve Vg = Qs (2.13)
ov=0Qv.
Q — a linear form, which means dQ=0. Two cases are

possible.
1. Hyperplane doesn't cross point A.

It's possible to put in this case v=1, then Q=0 .
Conditions of invariance of hyperplane take the form
vy +Vpl =0. (2.14)

2. Hyperplane crosses point A.
In this case v=0. Conditions of its invariance have the
form

dv, Vgl =Qu,, . (2.15)
Putting v, =1 conditions (2.15) have the form
5Vi —Vjﬂ,'ij —ni“ZO. (2.16)
Build values g% = N*M 7
In condition of dEf//gaﬂ// #0 introduce  values
9“°g,5 = o and with their help
00 = ga/)’Na’
. (2.17)
5ga - gﬂﬂ?ﬁ =0.

If differential equations of value g, have structure of
differential equations (2.14) then these values define
hyperplane which doesn't cross point A in the form g,x*=0.

Statement 2. In differential neighborhood of the first order
exists invariant hiperplane of vector field which doesn't cross
its beginning and which is determined by tensor g, .
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We build invariant hyperplanes with help of fundamental
tensor of the second order /pj; . With this

L _ p

A= Ao 2.17)
11 g '

5/1na—/lnﬁ Ty =0

and also tensor

2 _ B

Ana - An/;/; y (2 19)
2 2 g '

0 Ang —Ang wy =0

Obviously, tensors (2.18) and (2.19) for space A,, are

different, and in case of affine space A, coincide. They

denote invariant hyperplanes that do not cross the beginning of
forming element and they are also defined by the equations:

1
Ang X4 +1=0, (2.20)

ina x*+1=0 (2.21)

Hyperplanes (2.20) and (2.21) are called the main
hyperplanes of vector field.

Statement 3. In case of transition from vector field of n-
dimensional space A, to vector field in n-dimensional space
of affine connection the splitting of main hyperplanes takes
place.

Differential conditions of invariance of hyperquadric joint
to vector field.

The equation of hyperquadric relatively to any local
moving coordinate system (A,g, | has the form

AgX“xP +2A, X"+ A=0.
Where Az = Ag, .

Hyperquadric doesn't cross the beginning of definite vector
element.

In this case it is possible to take A=1. Thus, ©=0.

Equations of invariance of hyperquadric obtain the form

(3.1)

yp ~ Aayn}; ~Aypmy =0,
. (3.2)
04, - A =0,

Hyperquadrics cross the beginning of forming vector
element.

In this case A=0 and conditions of invariance of quadric
have the form

éAaﬁ - A&y”;{ - Ayﬁng = @Aaﬁ’
04y - A= 04, '
Considering the general form we put A,=1. Then 6=0.

Conditions of invariance of hyperquadric that crosses the
beginning of vector element will be:

k k _

Odij — My — A — A — Ayl =0,
k -

04in = A _Ann”in—ol

0oy =0,

o4~ Al ]

(3.3)

(3.4)

0.
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The hyperquadric proper is taken by the equation;
ApXxd 27X +

. : (3.5

+ A (M2 +2A% +2x" =0,

Some types of invariant hyperquadrics joint to vector field.

Invariant hyperquadric which is defined by the
fundamental objects of the first and second order.
4. Analyze tensor Ay . In general case.
A= detjdng|#0. 4.1)

It permits to introduce values vﬁ‘ﬁ , that their components
are defined from the correspondence,

Aﬁﬁvﬁ‘ﬁ = 62 . 4.2)
Differential equations of tensor have the form
dv,‘fﬁ = V%w% —V%ﬂw;}x +Vgﬁﬂwy . (4.3)
Build tensor
I, =Vasdngg . (4.4)

Its differential equations in case of fixation of main

parameters obtain the form
or', = I'f,xl+ ) - 'y (4.5)

due to tensor which is defined by the correspondence (4.4.)
consequently build tensors

r=rf.
“ , (4.6)
5F06 _Fﬂﬂ’-a =O.
Faﬁ = F?Izﬂ’ (4 7)

5Faﬁ _Fyﬁ”gz —[‘ayﬂ'}; =0.

If differential equations of tensors (4.6.) and (4.7.) have
structure of equations (3.4.) the equations of invariant
hyperquadric which is determined by the fundamental objects
of the first and second order and it doesn't cross the beginning
of definite vector element has the form

LopX" +20, X" +1=0. (4.8)

2. Invariant hyperquadric which is determined by the
fundamental object of the second order.

Owing to tensor A,‘fﬁﬂ build tensors

1 1

— 47
Anoao = Anaa Any
(4.9)
1 1 y 1 »

0 Anga = Anyy Tg, +/1naa7fﬂ-
2 AV 2
Anaa = A0 Any

(4.10)

(52 2 y 2 .
Anaa = Anaa”ﬁ + Anyy T,

If differential equations of tensors (4.9.) and (4.10.) have
structure of equations (3.4.) equation of invariant
hyperquadrics which is determined by the fundamental object
of the second order and it doesn't cross the beginning of
definite vector element and it has the form
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1 1
Anae XPXP +2 4ng x* +1=0. (4.11)

2 2
Anae XPXP +24ng x* +1=0. (4.12)

Definition. Quadric (4.11) and (4.12) is called the main
hyperquadrics.

Statement 4. In case of transition from vector field of n-
dimensional affine space A, to vector field of n-dimensional

space of affine connection the splitting of main hyperquadric
takes place.

V. CONCLUSION

It has been constructed the splitting of the basic geometric
images vector field (points, straights, hyperplanes and
hyperguadrics) in transition from dimensional affine space to
the space of affine connection. All investigations have been
fulfilled in the moving coordinate system of zero order.
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